a b s t r a c t
Let G be a graph. The distance d (u, v) between the vertices u and v of the graph G is equal to the length of a shortest path that connects u and v. The Wiener index W(G) is the sum of all distances between vertices of G, whereas the hyper-Wiener index WW(G) is defined as WW(G) = 1 2 W(G) +
Introduction
Throughout this paper we consider graphs means simple connected graphs, connected graphs without loops and multiple edges. Suppose G is a graph with vertex set V(G). The distance between the vertices u and v of V(G) is denoted by d (u, v) and it is defined as the number of edges in a minimal path connecting the vertices u and v. The Wiener index is one of the most studied topological indices, both from a theoretical point of view and applications. It is equal to the sum of distances between all pairs of vertices of the respective graph, see for details [1] [2] [3] [4] [5] .
The hyper-Wiener index of acyclic graphs was introduced by Milan Randic in 1993. Then Klein et al. [6] , generalized Randic's definition for all connected graphs, as a generalization of the Wiener index. It is defined as WW(G) = 2 . We encourage the reader to consult [7] [8] [9] [10] [11] [12] [13] for the mathematical properties of hyper-Wiener index and its applications in chemistry.
The Cartesian product G × H of graphs G and H has the vertex set V(G × H) = V(G) × V(H) and (a, x)(b, y) is an edge of
In the case that
The Wiener index of the Cartesian product graphs was studied in [14, 15] . In [16] , Klavzar, Rajapakse and Gutman computed the Szeged index of the Cartesian product graphs and the present authors computed some exact formulae for the vertex PI, edge PI, first Zagreb, second Zagreb and edge Szeged indices of product graphs, [17] [18] [19] [20] .
The disjunction G ∨ H of graphs G and H is the graph with vertex set
The symmetric difference G ⊕ H of two graphs G and H is the graph with vertex set [23, 24] . A vertex version of this index introduced by the present authors in [17] . In exact phrase, the vertex PI index of G, PI v (G), is the sum of [n u (e) + n v (e)] over all edges of G, where n u (e) is the number of vertices lying closer to the vertex u than the vertex v and n v (e) is the number of vertices lying closer to the vertex v than the vertex u.
Throughout this paper our notation is standard and taken mainly from [25, 26] . K n denotes a complete graph on n vertices. 
A graph G is called to be a quasi multi-walled nanotorus (q-multi-walled nanotorus for short), if G is isomorphic to the direct product of a path P n and an arbitrary nanotorus T, see [27] .
Main results
In this section, some exact formulae for the hyper-Wiener index of the Cartesian product, composition, join, disjunction and symmetric difference of graphs are computed. We begin by computing the hyper-Wiener index of the Cartesian product of graphs. To do this, we need the following well-known theorem related to distance properties of the Cartesian product graphs. We encourage the reader to consult the book of Imrich and Klavzar [21] , for more details. 
Lemma 1. Let G and H be graphs. Then we have:
Applying Lemma 1, we have:
Graovac and Pisanski [14] , computed an exact formula for the Wiener index of the Cartesian product of graphs. In what follows, we first apply a similar method as Theorem 1 which is simpler than earlier proof to find an exact expression for the Wiener index of the Cartesian product of graphs.
By an inductive argument, one can see that
Proof. Applying an induction argument and Theorem 1, we have:
Example 1. Let P n and C n denote a path and cycle with n vertices, respectively. By [15] ,
. By definition of hyper-Wiener index and a simple calculation with Maple 9.5, WW(P n ) = 1 24
and so between graphs with exactly n vertices, complete graph K n has the minimum hyper-Wiener index. Hence for every n-vertex graph G,
In [28] , Ivan Gutman proved that the path P n has the maximum value of the λ-th power of the distance for trees and it holds for all graphs as adding an edge the hyper-Wiener index will decrease. Therefore, for all n-vertex graph G,
Example 2. Yousefi-Azari et al. [20] , computed the PI index of C 4 nanotubes and nanotori. In this example, we compute the hyper-Wiener index of these molecular graphs. Suppose R and S denote a C 4 nanotube and nanotorus, respectively. Then R = P n × C m and S = C k × C m . In Example 1, the hyper-Wiener index of P n and C n are computed. Therefore, by Theorem 1, Example 4. Yousefi and Ashrafi [29] , computed an exact formula for computing the Wiener index of a polyhex nanotorus
Here p and q denote the number vertical zigzags and rows, respectively. They proved that:
The present authors [30] computed the hyper-Wiener index of a polyhex nanotorus. We apply Theorem 1 to compute the hyper-Wiener index of q-multi-walled nanotube R = P n × T. Using a tedious calculation, we have: 
In what follows we prove an elementary lemma which is crucial in computing the hyper-Wiener index of composition of graphs.
Lemma 2. Let
we have:
is a path in G 1 and this means
Other cases are immediate consequences of the definition.
Theorem 2. Let G and H be graphs. Then
Proof. By definition of the join of two graphs, one can see that, 
Proof. Set V(G) = {u 1 , . . . , u m } and V(H) = {v 1 , . . . , v n }. Then by Lemma 2, we have:
The second equality is an immediate consequence of Theorem 2.
Lemma 3. Let G and H be connected graphs. Then
Proof. 
Suppose G is a graph and 
|E(H)|.
We end the paper with the following simple but elegant lemma: Lemma 5. Let H be a spanning subgraph of G then WW(H) ≥ WW(G 
